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Consider an inﬁnite thermally conductive medium characterized by Fourier’s law, in which a subdomain, called an
inclusion, is subjected to a prescribed uniform heat ﬂux-free temperature gradient. The second-order tensor ﬁeld relating
the gradient of the resulting temperature ﬁeld over the medium to the uniform heat ﬂux-free temperature gradient is
referred to as Eshelby’s tensor ﬁeld for conduction. The present work aims at deriving the general properties of Eshelby’s
tensor ﬁeld for conduction. It is found that: (i) the trace of Eshelby’s tensor ﬁeld is equal to the characteristic function of
the inclusion, independently of the latter’s shape; (ii) the isotropic part of Eshelby’s tensor ﬁeld over the inclusion of arbi-
trary shape is identical to Eshelby’s tensor ﬁeld over a 2D circular or 3D spherical inclusion; (iii) when the medium is made
of an isotropic material and when the inclusion has some speciﬁc rotational symmetries, the value of the Eshelby’s tensor
ﬁeld evaluated at the inclusion gravity center and the symmetric average of Eshelby’s tensor ﬁelds are both equal to Eshel-
by’s tensor ﬁeld for a 2D circular or 3D spherical inclusion. These results are then extended, with the help of a linear trans-
formation, to the general case where the medium consists of an anisotropic conductive material. The method elaborated
and results obtained by the present work are directly transposable to the physically analogous transport phenomena of
electric conduction, dielectrics, magnetism, diﬀusion and ﬂow in porous media and to the mathematically identical phe-
nomenon of anti-plane elasticity.
 2007 Elsevier Ltd. All rights reserved.
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The Eshelby problem for linear elasticity deals with the ﬁelds in an inﬁnitely extended homogeneous med-
ium X induced by releasing a stress-free strain (or eigenstrain) in a subdomain x called an inclusion. In par-
ticular, the strain ﬁeld eðxÞ due to a constant eigenstrain e0 can be, by linearity, expressed in the form
eðxÞ ¼ Rxe0, or eijðxÞ ¼ RxijklðxÞe0kl, where the position-dependent fourth-order tensor RxðxÞ is referred to as0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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sional (2D) and three-dimensional (3D) elasticity, respectively, then RxðxÞ is uniform inside x. This remark-
able property, called Eshelby’s uniformity, plays a key role in studying many mechanical problems and in
particular in estimating the eﬀective properties of matrix-inclusion heterogeneous materials. The uniform
Eshelby ﬁeld over an elliptic or ellipsoidal inclusion x is usually called Eshelby’s tensor.
Later, Eshelby (1961) conjectured that the converse of his important result would be true, namely that, if
the strain ﬁeld over X produced by any uniform eigenstrain prescribed over x is also uniform inside x, then x
would be necessarily elliptic or ellipsoidal. Interest in this so-called Eshelby’s conjecture has notably been
increased since the work of Mura et al. (1994), in which the authors claimed that certain pentagonal
star-shaped domains might break Eshelby’s conjecture (see also Mura, 1997). Soon, Eshelby’s uniformity
was however proved to be impossible for any domain with corner(s) (Rodin, 1996), for any domain whose
surface contains ﬂat segment(s) (Markenscoﬀ, 1997), and for any domain bounded by a surface characterized
by a polynomial function of degree higher than two, by a non-convex surface, or by two or more diﬀerent
surfaces (Lubarda and Markenscoﬀ, 1998). Markenscoﬀ (1998) also showed that the inﬁnitesimal
perturbations of an ellipsoidal inclusion that preserve Eshelby’s uniformity are only those that transform
the ellipsoid into another ellipsoid. Very recently, Kang and Milton (2006) proposed solutions to prove
Eshelby’s conjecture both in the 2D and 3D cases.
In close relation with Eshelby’s conjecture are the following two questions: (i) how non-uniform can the
Eshelby’s tensor ﬁeld inside x be if x is not of elliptic or ellipsoidal shape? (ii) Has Eshelby’s tensor ﬁeld
Rx some general properties regardless of the shape of x? Within the framework of ISOTROPIC elasticity,
interesting results were obtained and reported. Through a numerical analysis, Nozaki and Taya (1997,
2001) found that, for 2D convex regular polygons x, the value of Rx at the gravity center of x and the average
of Rx over x are both equal to Eshelby’s tensor of a circular inclusion. These properties were then analytically
proved by Kawashita and Nozaki (2001). For a natural number n, if the geometry of a 2D domain x is invari-
ant under the rotation of angle 2p=n around the gravity center of x, we say that x is Cn-symmetric. In par-
ticular, a regular n-side polygon is Cn-symmetric. By using the Radon transformation, Franciosi (2005)
proved that, for any CnðnP 3; n 6¼ 4Þ-symmetric 2D domain x or icosahedral 3D domain x with a smooth
boundary, both the value of Rx at the gravity center of x and the average value of Rx over x are equal to
the Eshelby’s tensor of a 2D circular (see also Wang and Xu, 2004) or 3D spherical inclusion x. Recently,
Zheng et al. (2006) revealed that Rx has a simple and general irreducible structure. More precisely, they proved
that for any inclusion x embedded in an inﬁnite homogeneous and linearly elastic isotropic medium: (i) the
isotropic part R of Rx vanishes outside x, is uniform inside x and corresponds to Eshelby’s tensor R0 for a
circular or spherical inclusion; (ii) the anisotropic part Ax ¼ Rx  R of Rx is characterized by a single sec-
ond-order symmetric traceless tensor and a single fourth-order one, which are completely determined by
the shape of x. Remarkably, these results hold independently of x’s geometry. They also have the interesting
implication that Rx evaluated at the center of a 2D CnðnP 3; n 6¼ 4Þ-symmetric or 3D icosahedral x or the
average value of Rx over such a x is identical to R0.
In the general case where X is made of a generic linearly elastic ANISOTROPIC material, we have made
several attempts to obtain general properties for Rx. But, these attempts have not been successful due to math-
ematical diﬃculties relative to anisotropic elasticity.
The present work is concerned with Eshelby’s tensor ﬁelds for transport phenomena. The setting of thermal
conduction is adopted for deﬁniteness. However, the method elaborated and results obtained by our work are
directly transposable to the physically analogous transport phenomena of electric conduction, dielectrics,
magnetism, diﬀusion and ﬂow in porous media. The motivation of our work is threefold. First, Eshelby’s
problem for transport phenomena, even having received less attention, has similar importance as in elasticity
and, in particular, Eshelby’s tensor plays a key role in estimating the eﬀective transport properties of matrix-
inclusion heterogeneous materials (see, e.g., Hatta and Taya, 1985; Miloh and Benveniste, 1988; Douglas and
Garboczi, 1995; Garboczi and Douglas, 1996). Second, Eshelby’s problem for transport phenomena is math-
ematically much simpler than the one for elasticity, so that it is very hopeful that general properties can be
deduced for Eshelby’s tensor ﬁeld not only when X is made of isotropic material but also when X consists
of a generic anisotropic material. This will in turn help us and rend us conﬁdent in seeking general properties
for Rx in the case of anisotropic elasticity. Third, with the aid of the mathematical similarity between 2D con-
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transferable to Eshelby’s tensor ﬁeld for anti-plane elasticity provided X is made of an appropriate elastic
anisotropic material.
The paper is organized as follows. In Section 2, the deﬁnition of Eshelby’s tensor ﬁeld for thermal conduc-
tion is speciﬁed and formulated, and a general shape-independent property is derived for the trace of Eshelby’s
conduction tensor ﬁeld. Section 3 is dedicated to studying the properties of Eshelby’s tensor ﬁeld for thermal
conduction in isotropic media while considering three types of inclusions, viz., the arbitrarily shaped ones, the
isotropically shaped ones and the ones with some speciﬁc rotational symmetries. In Section 4, a linear trans-
formation method is presented which allows the transformation of an anisotropic conduction problem into an
equivalent isotropic conduction problem. With the help of this method, the properties of Eshelby’s tensor ﬁeld
for thermal conduction in anisotropic media are deduced from those given in Section 3. In Section 5, the anal-
ogy between 2D conduction and anti-plane elasticity is exploited to show that Eshelby’s tensor ﬁelds for the
two phenomena have similar properties. A few concluding remarks are given in Section 6.
2. General shape-independent properties of Eshelby’s conduction tensor ﬁeld
Consider a 2D or 3D inﬁnite domain X and introduce a Cartesian coordinate system associated to a rele-
vant right-hand orthonormal basis feig and to an origin 0. The material constituting X is assumed to be homo-
geneous and have the linear thermal conductivity described by Fourier’s law:qðxÞ ¼ K½eðxÞ  eðxÞ: ð1Þ
Above, qðxÞ is the heat ﬂux vector ﬁeld over X, K is the thermal conductivity tensor which is symmetric, po-
sitive deﬁnite but not necessarily isotropic, eðxÞ is the (negative) gradient of a temperature ﬁeld T ðxÞ over X,eðxÞ ¼ rT ðxÞ; ð2Þ
and eðxÞ is the (negative) heat ﬂux-free temperature gradient whose role in thermal conduction is similar to
the one played by the eigenstrains in elasticity (see Mura, 1987). In the case of steady thermal conduction with-
out heat source, the heat ﬂux ﬁeld qðxÞ is required to be divergence-free:r  qðxÞ ¼ 0: ð3Þ
In what follows, by the gradient of a temperature ﬁeld we mean the negative gradient of the latter.
In this work, we are interested in the thermal counterpart of the Eshelby’s problem for elasticity (Eshelby,
1957; Mura, 1987). More precisely, we ﬁrst prescribe a temperature ﬁeld T ðxÞ over X, such that its gradient
eðxÞ is uniform and equal to e0 inside a subdomain x of X and vanishes outside x. Deﬁning x by its char-
acteristic functionvxðxÞ ¼ 1 for x 2 x;
0 for x 62 x;

ð4Þthe gradient eðxÞ of the prescribed temperature can be expressed as
eðxÞ ¼ vxðxÞe0: ð5ÞLet eðxÞ be the gradient of the temperature ﬁeld T ðxÞ induced by T ðxÞ. Then, using (1), we obtain the cor-
responding heat ﬂuxqðxÞ ¼ KeðxÞ þ qðxÞ with qðxÞ ¼ KeðxÞ ¼ vxðxÞKe0: ð6Þ
Substitution of this expression into the energy conservation Eq. (3) yieldsr  qðxÞ ¼ r  KeðxÞ þ QðxÞ ¼ 0 with QðxÞ ¼ r  qðxÞ: ð7Þ
Since the heat ﬂux q is discontinuous across the boundary ox of x and not diﬀerentiable on ox, the foregoing
divergence r  q has to be understood in the distribution sense.
From (7) it is seen that the temperature ﬁeld T ðxÞ results from the heat source QðxÞ that is non-zero only on
the boundary ox of x. By means of the Green function Gðy xÞ which gives the temperature at point x pro-
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be expressed in terms of Gðy xÞ and qðxÞ asT ðxÞ ¼
Z
X
Gðy xÞQðyÞdy ¼
Z
X
Gðy xÞ½r  qðyÞdy: ð8ÞApplying the divergence theorem to the last integral, we can writeT ðxÞ ¼
Z
oX
Gðy xÞ½n  qðyÞdy
Z
X
rGðy xÞ  qðyÞdy: ð9ÞIn this formula, n represents the outward unit vector n normal to the remote boundary oX of X and the deriv-
ative is made with respect to y. Due to the fact that the Green function Gðy xÞ is equal to zero for y 2 oX
and by using the expression (6) of q, it follows from (9) thatT ðxÞ ¼ Kije0j
Z
x
G;iðy xÞdy; ð10Þwhere the subscript i following a comma denotes derivative with respect to yi. Correspondingly, the resulting
temperature gradient ﬁeld is given byeðxÞ ¼ rT ðxÞ ¼ SxðxÞe0: ð11Þ
In this equation, the second-order tensor ﬁeld SxðxÞ, called Eshelby’s conduction tensor ﬁeld, is deﬁned asSxðxÞ ¼
Z
x
Cðy xÞdy
 
K; ð12Þwhere the operator Cðy  xÞ is related to Gðy  xÞ by
Cijðy xÞ ¼ G;ijðy xÞ: ð13ÞRecall that the Green function Gðy xÞ for the inﬁnite body X consisting of a homogeneous medium of
thermal conductivity K and with the zero temperature on the boundary of X is the solution to the equationK : Cðy xÞ ¼ dðy xÞ; ð14Þ
where dðy xÞ is Dirac’s function having the propertyZ
x
dðy xÞdy ¼ vxðxÞ: ð15ÞBy combining Eq. (15) with Eqs. (12) and (14), we deduce the important x-shape independent relation for the
trace of SxðxÞ:Tr½SxðxÞ ¼ vxðxÞ: ð16Þ
Next, let Eshelby’s tensor ﬁeld SxðxÞ be split into an isotropic part S and a traceless part Dx:SxðxÞ ¼ SþDxðxÞ: ð17Þ
It follows from the relation (16) thatSðxÞ ¼ 1
d
IvxðxÞ ¼ I=d for x 2 x;
0 for x 62 x:

ð18ÞIn this formula, d (=2 or 3) is the dimension of X and I denotes the (d-dimensional) second-order identity ten-
sor. Since Eshelby’s conduction tensor ﬁeld SxðxÞ deﬁned by Eq. (12) is in general not symmetric, the traceless
part DxðxÞ ¼ SxðxÞ  S generally comprises 3 or 8 independent components according as the 2D or 3D case is
concerned.
The result (18) signiﬁes that the isotropic part S of Eshelby’s conduction tensor ﬁeld SxðxÞ is uniform inside
x and vanishes outside x. This result holds regardless of the x’s geometry (shape, orientation, connectedness,
convexity, boundary smoothness, etc.) as illustrated in Fig. 1 and of the thermal anisotropy of the material
forming X. For comparison, note that the isotropic part R of the elastic Eshelby’s tensor ﬁeld RxðxÞ takes
a b c d
Fig. 1. Various illustrative geometries of 2D inclusion x: (a) elliptic or arbitrarily shaped, (b) singe-connected or multiconnected, (c)
convex or non-convex, (d) smooth or non-smooth boundary. The result (18) holds for any geometry of x.
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result for Rxiijj was obtained by Mura (1987) in 2D isotropic elasticity and by Zheng et al. (2006) in 3D isotro-
pic elasticity. The relevant result for Rxijij was also provided by Milgrom and Shtrikman (1992) in 3D aniso-
tropic elasticity and further generalized to any ﬁnite-dimensional case by Zheng et al. (2006).3. Properties of Eshelby’s conduction tensor ﬁelds in isotropic media
3.1. Arbitrarily and isotropically shaped inclusions
In this section, we are concerned with the important special case where the inﬁnite body X consists of an
isotropic material withK ¼ kI; ð19Þ
where k is a positive scalar. In this situation, the Green function Gðy xÞ is given by (see, e.g., Chen and Kuo,
2005)Gðy xÞ ¼  1
4pkjy xj ð20Þwhen X is 3D and byGðy xÞ ¼  1
2pk
ln
1
jy xj ð21Þwhen X is 2D. In the foregoing expressions, jy xj denotes the Cartesian norm of y x. Using the deﬁnition
(12), we have the expressionSxijðxÞ ¼ 
1
4p
Z
x
1
jy xj
 
;ij
dy; ð22Þfor the 3D Eshelby’s tensor ﬁeld and the expressionSxijðxÞ ¼ 
1
2p
Z
x
ln
1
jy xj
 
;ij
dy; ð23Þfor the 2D Eshelby’s tensor ﬁeld.
It is seen from Eqs. (22) and (23) that SxðxÞ is independent of the material properties and depends only on
the shape of x. Moreover, SxðxÞ is symmetric, i.e.,
Fig. 2.
also re
(b) C6
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Thus, the traceless part DxðxÞ of SxðxÞ is symmetric when the media is isotropic. Consequently, the max-
imum number of the independents components of DxðxÞ reduces to 5 or 2 in the 3D and 2D cases, respec-
tively. At the same time, the isotropic part SðxÞ of SxðxÞ is provided by (18).
In the particular case where x is a 3D spherical or 2D circular domain, it is known that SxðxÞ given by Eq.
(22) or (23) is isotropic and uniform inside x. More precisely, SxðxÞ takes the form (see, e.g., Hatta and Taya,
1985)SxðxÞ ¼ 1
d
I whenever x 2 x: ð25ÞComparing Eqs. (18) and (25) leads to the interesting conclusion: for any anisotropic material forming X
and given a subdomain x of arbitrary shape, the isotropic part S of Eshelby’s conduction tensor ﬁeld SxðxÞ
inside x is identical to Eshelby’s conduction tensor ﬁeld inside a circular or spherical subdomain of X made of
an isotropic material. This conclusion is quite similar to the one reached by Zheng et al. (2006) in the elastic
case. However, in the present conclusion, the material forming X with a subdomain x of arbitrary shape is not
necessarily isotropic.
3.2. Inclusions exhibiting speciﬁc rotational symmetries
Without loss of generality, let the gravity center of x coincide with the origin 0 of the 2D or 3D Cartesian
coordinate system. As usual, denote the d-dimensional orthogonal group by OðdÞ and the rotation subgroup
of OðdÞ by SOðdÞ. It is said that x is invariant with respect to an element Q of OðdÞ if Qx 2 x for all x 2 x.
Then, the orthogonal symmetry group of x is deﬁned byGxðdÞ ¼ fQ 2 OðdÞjQx 2 x for all x 2 xg; ð26Þ
and the rotational symmetry group of x bygxðdÞ ¼ fR 2 SOðdÞjRx 2 x for all x 2 xg: ð27Þ
Clearly, gxðdÞ is a subgroup of GxðdÞ. Now, we assume that: (i) in the 2D case, x is Cn-symmetric, i.e., x is
invariant under all rotations of angle 2p=n around its center of gravity (Fig. 2); (ii) in the 3D case, x is quasi-
spherical of degree n, i.e., x is invariant under all rotations of angle 2p=n about two diﬀerent axes passing
through the gravity center of x. In these two cases, n is a natural number and nP 3.a b
Two examples of 2D inclusions that are C6-symmetric: (a) multiconnected Chinese paper cut that is not only C6-symmetric, but
ﬂectionally symmetric with respect to the x1-axis and any other axis rotated from the x1-axis by an angle which is a multiple of 30;
-symmetric inclusion consisting of 6 separated and regularly-rotated ellipses.
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isotropic symmetry in the sense that, for all Q 2 OðdÞ,Q2Cðy xÞ ¼ C½Qðy xÞ or QimQjnCmnðyk  xkÞ ¼ Cij½Qkrðyr  xrÞ; ð28Þ
where ðQ2Þijmn ¼ QimQjn. Using this property of Cðy xÞ, it is immediate that Eshelby’s conduction tensor
ﬁeld SxðxÞ for an isotropic medium, namelySxðxÞ ¼ k
Z
x
Cðy xÞdy; ð29Þhas the property that, for all Q 2 OðdÞ,SxðQxÞ ¼ k
Z
x
CðyQxÞdy ¼ k
Z
x
CðQQTyQxÞdy ¼ k
Z
QTx
Q2Cð~y xÞðdet QÞd~y; ð30Þwith ~y ¼ QTy. When Q 2 GxðdÞ, we have QTx ¼ x, so that (30) implies that
SxðQxÞ ¼ ðdet QÞQ2SxðxÞ for all Q 2 GxðdÞ: ð31ÞIn particular, owing to det R ¼ 1 for any R 2 gx, it follows from (31) that
SxðRxÞ ¼ R2SxðxÞ for all R 2 gxðdÞ: ð32ÞBy setting x ¼ 0 into Eq. (32), we obtain
Sxð0Þ ¼ R2Sxð0Þ for all R 2 gxðdÞ: ð33ÞThus, we say that Sxð0Þ is gx-invariant. Since the isotropic part Sð0Þ of Sxð0Þ is invariant under any rotation,
the gx-invariance of Sxð0Þ implies that the traceless part Dxð0Þ of Sxð0Þ is also gx-invariant, i.e.,Dxð0Þ ¼ R2Dxð0Þ for all R 2 gxðdÞ: ð34Þ
To explore the result (34), recall that, in the 2D case, a non-zero second-order traceless tensor is invariant un-
der a rotation if and only if the rotation angle is a multiple of p (Zheng, 1993; Zheng and Zou, 2000). There-
fore, for any Cn-symmetric domain x with nP 3, (34) holds if and only if Dxð0Þ vanishes. This together with
Eqs. (17) and (18) yieldsSxð0Þ ¼ Sð0Þ ¼ 1
2
Ivxð0Þ: ð35ÞIn the 3D context, Zheng and Boehler (1994) proved that, if a second-order traceless tensor is Cn-symmetric
ðnP 3Þ with respect to an axis, then the traceless tensor is transversely isotropic with respect to the latter.
Furthermore, whenever a second-order tensor is transversely isotropic with respect to each of two diﬀerent
axes, the second-order tensor is necessarily isotropic. So, under the assumption that x is quasi-spherical of
degree nP 3, (34) has the consequence that Dxð0Þ ¼ 0. Thus, by (17) and (18), we infer that Eshelby’s con-
duction tensor ﬁeld in the 3D case has the same property as in the 2D case, i.e.,Sxð0Þ ¼ Sð0Þ ¼ 1
3
Ivxð0Þ: ð36ÞIt should be emphasized that the results (35) and (36) are valid for any subdomain x verifying the afore-
mentioned symmetry assumption. The x’s gravity center 0 is not necessarily inside x. If the x’s gravity center
0 is an internal point of x, then Sxð0Þ ¼ I=d. On the contrary, when the x’s gravity center 0 is an external
point of x, then Sxð0Þ ¼ 0. These results can be viewed as an extension to the conduction phenomena of
the ones given by Nozaki and Taya (1997), Kawashita and Nozaki (2001) and Zheng et al. (2006) for isotropic
elasticity.
Finally, we consider the symmetric average of Eshelby’s tensor ﬁeld deﬁned asSxðxÞ ¼ 1
Nx
X
R2gx
SxðRxÞ; ð37Þ
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SxðxÞ can be written in the equivalent formSxðxÞ ¼ 1
Nx
X
R2gx
R2SxðxÞ: ð38ÞDecomposing SxðxÞ into an isotropic part and a traceless part and accounting for the general results (17)
and (18), we can writeSxðxÞ ¼ 1
d
IvxðxÞ þ DxðxÞ: ð39ÞCombining (38) and (39) leads toDxðxÞ ¼ 1
Nx
X
R2gx
R2DxðxÞ: ð40ÞDue to the fact that ðR1R2Þ2 ¼ R21 R22 and R1R2 2 gx for any R1 and R2 2 gx, Eqs. (38) and (40) yield
R2SxðxÞ ¼ SxðxÞ; R2 DxðxÞ ¼ DxðxÞ for all R 2 gxðdÞ: ð41ÞUsing the same argument as before, we can conclude that, provided x is CnðnP 3Þ-symmetric in the 2D
case or quasi-spherically symmetric of degree nP 3 in the 3D case, then DxðxÞmust vanish. So, the symmetric
average SxðxÞ is simply given bySxðxÞ ¼ 1
d
IvxðxÞ: ð42ÞThe similar properties were presented by Nozaki and Taya (1997), Kawashita and Nozaki (2001), and Fran-
ciosi (2005) for a polygonal domain x in 2D elasticity. Recently, Zheng et al. (2006) derived general results for
any CnðnP 3; n 6¼ 4Þ-symmetric 2D or quasi-spherically symmetric 3D domain x in elasticity.
4. Properties of Eshelby’s conduction tensor ﬁeld in anisotropic media
In this section, the inﬁnite body X under investigation is made of a generic anisotropic material whose ther-
mal conductivity is characterized by a d-dimensional second-order symmetric and positive deﬁnite tensor K.
For later use, a second-order tensor A is deﬁned in terms of K byA ¼ ~k1=2
ﬃﬃﬃﬃ
K
p
with ~k ¼ ðdet KÞ1=d : ð43ÞBy taking the gravity center of x to be the origin 0 of the d-dimensional Cartesian coordinate system, we
carry out a linear transformation of X by~x ¼ Bx with B ¼ A1: ð44Þ
Thus, X is transformed into ~X ¼ f~x j ~x ¼ Bx; x 2 Xg, and the subdomain x into ~x ¼ f~x j ~x ¼ Bx; x 2 xg.
Note that the linear transformation preserves area or volume. An example illustrating the linear transforma-
tion of X and x is given in Fig. 3. Denoting the principal directions of B by ni, then the transformation consists
of three principal stretchings along ni. In particular, this transformation can map a speciﬁc ellipse x1 into a
circle, a regular subdomain x2 into an irregular one, and a speciﬁc irregular subdomain x3 into a regular
one. The thermal conductivity of ~X is characterized by the isotropic tensor~K ¼ BKB ¼ ~kI: ð45Þ
The temperature ﬁeld ~T ð~xÞ over ~X is obtained by~T ð~xÞ ¼ T ðxÞ: ð46Þ
Correspondingly, the temperature gradient ~eð~xÞ and heat ﬂux ~qð~xÞ over ~X are speciﬁed by~eð~xÞ ¼ AeðxÞ; ~qð~xÞ ¼ BqðxÞ: ð47Þ
Fig. 3. The linear transformation of X and x.
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With the help of the transformations (44)–(48) the general Eshelby’s problem described in Section 2
becomes equivalent to the one for the transformed inﬁnite body ~X which is made of an isotropic material char-
acterized by ~K and in which ~e0 is imposed over ~x.
The idea of transforming an anisotropic problem into an isotropic one was invoked by authors in mechan-
ics and physics. In linear elasticity, we can cite Green and Zerna (1954), Milgrom and Shtrikman (1992),
Pouya (2000, 2007) and Pouya and Zaoui (2006), who used the idea to deal with a special class of anisotropic
problems. The idea was also employed for example by Nye (1957), Chang (1977), Ma and Chang (2004) and
Chen and Kuo (2005) to study anisotropic transport phenomena. However, the idea seems not to have been
applied to Eshelby’s problem.
For the transformed thermal conduction problem formulated above, Eshelby’s tensor ﬁeld ~S~xð~xÞ is deﬁned
by~eð~xÞ ¼ ~S~xð~xÞ~e0: ð49Þ
Comparing this deﬁnition with Eq. (11) and accounting for (47) and (48), we establish the relation between
Eshelby’s tensor ﬁelds for the original and transformed problems as follows:~S~xð~xÞ ¼ ASxðxÞB or SxðxÞ ¼ B~S~xð~xÞA: ð50Þ
This relation allows us to deduce Eshelby’s tensor ﬁeld SxðxÞ for an anisotropic medium from the one ~S~xð~xÞ
for the corresponding isotropic medium. Decomposing ~S~xð~xÞ into an isotropic part ~S and a traceless part
~D~xð~xÞ while accounting for (50), we have~S~xð~xÞ ¼ ~Sð~xÞ þ ~D~xð~xÞ ð51Þ
with~Sð~xÞ ¼ 1
d
½TrSxðxÞI ¼ S; ~D~xð~xÞ ¼ ADxðxÞB: ð52Þ
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ﬁeld can be directly taken to be those for ~S~xð~xÞ. At the end, we deduce the properties of Eshelby’s tensor ﬁeld
SxðxÞ in an anisotropic medium from the ones of ~S~xð~xÞ by using the relation (50).
In particular, we assume that the transformed subdomain ~x is Cn-symmetric with nP 3 in the 2D case or
quasi-spherical of degree nP 3 in the 3D case. Under this assumption, it is immediate from the relevant
results of Section 3 that~S~xð0Þ ¼ 1
d
Iv~xð0Þ ð53Þand~S~xð~xÞ ¼ 1
d
Iv~xð~xÞ ð54Þwith~S~xð~xÞ ¼ 1
N ~x
X
R2g~x
~S~xðR~xÞ: ð55ÞHere, g~x is the rotational symmetry group of ~x and N ~x denotes the number of the elements of g~x. Finally, by
using the relation (50), we can writeSxð0Þ ¼ B~S~xð0ÞA ¼ 1
d
Ivxð0Þ; ð56Þ
SxðxÞ ¼ 1
d
IvxðxÞ; ð57Þwith the symmetric average SxðxÞ being deﬁned by
SxðxÞ ¼ 1
N ~x
X
R2g~x
B~S~xðR~xÞA: ð58ÞThese results mean that, if the transformed subdomain ~x is Cn-symmetric with nP 3 in the 2D case (Fig. 4) or
quasi-spherical of degree nP 3 in the 3D case, the Eshelby’s tensor ﬁeld Sx of an anisotropic medium eval-
uated at the gravity center of x and the symmetric average of Sx deﬁned by (58) have the same properties as
Eshelby’s tensor ﬁeld Sx of an isotropic medium.
It should be noted that a linearly elastic anisotropic material cannot be reduced to a linearly elastic isotro-
pic material by a linear transformation in the general way. For this reason, the results given by Zheng et al.Fig. 4. Transformation of a non-Cn-symmetric x into a Cn-symmetric one ðn ¼ 8Þ.
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elasticity by using a linear transformation as has been done in a general way for thermal conduction.
5. Correspondence between Eshelby’s tensor ﬁelds in 2D conduction and in anti-plane elasticity
Let X be a cylinder of inﬁnite length and with its generators parallel to the axis directed along e3 (Fig. 5).
The displacements of X are given byu1ðxÞ ¼ 0; u2ðxÞ ¼ 0; u3ðxÞ ¼ uðx1; x2Þ; ð59Þ
so that the strains of X are anti-plane and speciﬁed bye ¼ e13
e23
 
¼
1
2
u;1
1
2
u;2
" #
: ð60ÞThe linearly elastic homogeneous material constituting X is assumed to be such that the resulting non-zero
stress components are only r13 and r23 and given byrðxÞ ¼ LeðxÞ ð61Þ
withr ¼ r13
r23
 
; L ¼ L1313 L1323
L2313 L2323
 
: ð62ÞThis is possible if the constituent material of X is isotropic, cubic, transversely isotropic, tetragonal, orthotro-
pic or monoclinic. Note that these ﬁve symmetry classes are among the eight possible symmetry ones for 3D
linear elasticity. Above, the vectors rðxÞ and eðxÞ are curl-free and divergence-free ﬁelds, respectively, and the
stiﬀness matrix L is symmetric and positive deﬁnite.
Eshelby’s problem within the aforementioned framework of anti-plane elasticity consists in imposing an
uniform anti-plane eigenstrainFig. 5. Eshelby’s problem for anti-plane elasticity.
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0
13
e023
" #
ð63Þover an inﬁnite cylindrical subdomain x of X (Fig. 5). The Eshelby’s tensor ﬁeld for this anti-plane elastic
problem is the second-order tensor ﬁeld SxðxÞ which relates the resulting strain ﬁeld eðxÞ over X to the eigen-
strain e0, i.e.,eðxÞ ¼ SxðxÞe0: ð64Þ
Compared with Eshelby’s problem for thermal conduction formulated in Section 2, Eshelby’s problem for
anti-plane elasticity is mathematically equivalent to the former in the 2D case (see also Section 2.7 of Milton,
2002). Therefore, all the results obtained in Sections 2–4 for the 2D Eshelby problem conduction remain valid
for the Eshelby anti-plane problem, provided T, e, e0, e, q, q and K are replaced by 2u, e, e0, e, r, r and L,
respectively.
6. Conclusions
In this work, Eshelby’s tensor ﬁelds in transport phenomena and anti-plane elasticity have been studied
with the purpose of ﬁnding their general properties and structure. Owing to the fact that the constitutive laws
of these phenomena involve only a second-order symmetric tensor and Eshelby’s tensor ﬁelds are also second-
order tensor-valued, the purpose of the work has been achieved in both the isotropic and anisotropic cases. It
remains to exploit the derived general properties of Eshelby’s tensor ﬁelds in estimating the eﬀective transport
properties of matrix-inclusion heterogeneous materials and to answer the important question of how non-uni-
form Eshelby’s tensor ﬁeld inside an inclusion x can be when x is not of elliptic or ellipsoidal shape.
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